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This paper presents a vibration control strategy for a flexible manipulator with a collocated piezoelectric sensor/

actuator pair. Dynamic modeling of the flexible manipulator is first shown, and then a control law is developed. The

proposed vibration controller combines the input shaping technique with multimode adaptive positive position

feedback. An adaptive parameter estimator based on the recursive least-square method is developed to update the

system’s natural frequencies, which are used by the adaptive positive position feedback. A proportional-derivative

controller is combined with the proposed vibration controller to suppress vibration while slewing the manipulator.

Simulation results are presented to illustrate the efficacy of the proposed controller.

I. Introduction

F LEXIBLE manipulator systems exhibit many advantages over
their rigid counterparts. They possess a higher load ratio, and a

large increase in the speed of the links is possible. They require less
power to produce the same acceleration as the rigid links which have
the same load carrying capacity, hence inexpensive and smaller
actuators are sufficient. Because of the high performance require-
ments, consideration of structural flexibility in robots arms is a real
challenge. Unfortunately, taking into account the flexibility of the
arm leads to the appearance of oscillations at the tips of the links
during the motion. These oscillations make the control problems of
such systems very difficult. There has been extensive research on
active vibration control of flexible systems (see, e.g., [1]). Many
control strategies have been used in the control of lightweightflexible
structures. These control strategies include, but are not limited to:
adaptive control [2], fuzzy logic control [3], H1 control [4], and
time-optimal control [5].

With the developments in sensor/actuator technologies, many
researchers have concentrated on vibration control using smart
materials such as shapememory alloys and piezoelectric transducers,
among others. Piezoelectric materials have been applied in structural
vibration control as well as in structural acoustics because of their
advantages of fast response, large force output and the fact that they
generate no magnetic field in the conversion of electrical energy into
mechanical motion. Positive position feedback (PPF)was devised by
Goh andCaughey [6] and has several distinguished advantages [7]. It
has been shown to be a solid vibration control strategy for flexible
systems with smart materials, particularly with the PZT (lead zirco-
nium titanate) type of piezoelectric material [7–10]. PPF is essen-
tially a second-order filter that is used to apply high frequency gain
stabilization by improving the frequency rolloff of the system [11].
Alternatively, PPF works by using a second-order system which is
forced by the position response of the structure. This response is
then fed back to give the force input to the structure. To apply PPF,
the natural frequencies of the structure should be known. The
effectiveness of PPFwill deterioratewhen the natural frequencies are

poorly known or have changed due to, for example, the presence of a
tip mass.

One of the most successful methods used to control flexible
structures is that of input shaping. Figure 1 shows the process of input
shaping.With this method, a command is convolvedwith a sequence
of impulses, called an input shaper, to produce a shaped command
that causes less vibration than the original unshaped command [12].
The earliest work on input shaping (or command shaping) was
conducted by O. J. M. Smith in the late 1950s [13]. The posicast
method proposed by Smith effectively took two impulses whose
vibrations were self-canceling and convolved themwith the baseline
reference command. Because of its sensitivity to frequency uncer-
tainty, the input shaping method was not widely used until robust
methods were developed by Singer and Seering in [12]. So far, more
than 700 papers on this subject have been published [14] and input
shaping has been implemented on a variety of systems, such as large
space-based antenna [15], long-reach manipulator [16], crane [17],
flexible manipulator [18,19], and flexible spacecraft [20–26].

There are various versions of the input shaping control technique,
such as zero-vibration (ZV) shaper [12], zero-vibration-derivative
(ZVD) shaper [12], zero-vibration-derivative-derivative (ZVDD)
shaper [12], specified-insensitivity shaper [27], and extra-insensitive
shaper [22,28]. These input shapers can suppress residual vibrations
if the system parameters are well known, or the change in modeling
parameters is limited to within a reasonable bound. However, if the
system has a large range of unknown or varying frequencies,
then another approach is needed to make the control methods more
robust [29].

One approach is to use adaptive input shaping techniques. Tzes
and Yurkovich have proposed online adaptive schemes to update the
input shaper parameters [30]. Bodson has used a recursive least-
squares technique to tune the input shaper parameters [31]. Kojima
and Singhose have proposed an adaptive deflection-limiting input
shaping control for slewing flexible space structures [29].

This paper presents a new approach to overcome the problem of
large parameter uncertainties. Rather than using adaptive input
shaping techniques, a control strategy is proposed here to combine
the input shapingwith amultimode adaptive PPF in order to suppress
the flexible vibration while slewing the flexible system. Input shap-
ing is used to shape the command in order to minimize the flexible
vibration induced by the maneuver. Any residual vibrations will be
suppressed by the PZT actuator and the proposed multimode adap-
tive PPF. Hu and Ma combined input shaping with PPF and showed
good results for vibration control of a flexible spacecraft [25]. How-
ever, for this control method to be effective, the frequencies must be
known accurately. A few forms of adaptive PPF have been developed
for constrained stuctures in [32–34], which vary in the way they are
implemented. In this paper, input shaping is combined with multi-
mode adaptive PPF to suppress the vibrations of a slewing flexible
manipulator with frequency uncertainty.
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The organization of the paper is as follows. Section II describes the
dynamic modeling of a flexible manipulator with bonded piezo-
electric sensors and actuators using the finite element method. The
flexible manipulator without piezoelectric elements is modeled first,
then the effects of the piezoelectric sensor/actuator are taken into
account. In Sec. III, an active vibration control system is designed by
combining the input shaping technique andmultimode adaptive PPF.
In Sec. IV, the results of simulation and their discussion are given.
Section V presents the conclusions.

II. Dynamic Modeling

Figure 2 shows the diagram of the flexible manipulator being
modeled. The flexible manipulator system consists of a rigid hub, a
flexible beam, a tip mass, and a collocated piezoelectric sensor/
actuator pair. In this study, the flexible manipulator without the
piezoelectric sensor/actuator pair will be modeled first using the
finite elementmethod and the dynamics equationswill be augmented
later to consider the effects of the piezoelectric sensor/actuator pair.

The kinetic energy of the system assuming an Euler–Bernoulli
beam is [35]
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where the first term is due to the rigid hub, the second term is due to
the energy of the beam with respect to its velocity normal to x, the
third term is due to the tip mass, and the last term is due to the inertia
of the tip mass.

The potential energy of the system remains the same as that for a
simple beam due to the fact that a rigid body will make no
contribution to this term.

It can be seen that after discretizing the body into elements, thefirst
element will have kinetic energy expression given by
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where l is the length of the element. The ith element, where i� 2 to
n � 1, will have kinetic energy:
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where xi is the distance from the root of the beam to the closest side of
the ith beam element. The last element of the beam will have kinetic
energy:

Tn �
1

2

Z
l

0

�A� _w� �b� x� xi� _��2 dx�
1

2
mtip��b� L� _�

� _w�L; t��2 � 1

2
Itip� _�� _w0�L; t��2 (4)

This naturally leads to an augmentation of the traditional Euler–
Bernoulli finite element shape functions to
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While strictly speaking, xi is a variable in the global sense, it can be
treated simply as a constant in the local coordinate system of the
elements as it is simply a length offset, which allows the shape
functions to be augmented as described previously.

The mass matrix of each element can then be seen as [35]
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As indicated in the kinetic energy expression for the first element,
there will be a contribution from the inertia of the rigid hub, thus for
the first elementMe

�� becomes
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Similarly, for the last element, therewill be a contribution from the
mass and inertia of the tip mass, thus for the last element Me

�w and
Me
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Fig. 1 Principle of input shaping.

Fig. 2 Diagram of flexible manipulator.
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Taking the second spatial derivative of the shape function matrix
�N� gives
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which is simply the shape functionmatrix for a beam augmented by a
zero term. Thus, the element stiffness matrix will be
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For the purpose of illustration, the assembled mass and stiffness
matrices of the system for two elements after reduction would look
like
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The assembled and reduced system variables are now
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wherewn and �n are the deflection and rotationvariables of the nodes.

A. Piezoelectric Elements in Full System Model

The piezoelectric elements are bonded to both the bottom and top
of the beam, and are assumed to have two structural degrees of

freedom like the regular beam element. In addition, the piezoelectric
element has one electrical degree of freedom which is the voltage.
This single degree of freedom is due to the fact that the voltage
generated by the piezoelectric is constant over the electrode. The
single electrical degree of freedom is used as a sensor or actuator
voltage when the material is used as a sensor or actuator.

Voltage can be used as a control input to the actuator, which will
cause the actuator to apply moments that are equal and opposite to
each other at either end of the element. The bending moment
resulting from the voltage input will add a positive bending moment
at node 2 and a negative bendingmoment at node 1. It is assumed that
the displacement functions of the PZTwill remain the same as that of
the regular beam element and that the moments exerted by the
piezoelectric actuator act at the nodal points.

In derivation of the piezoelectric beam element, it is assumed that
the sensor and actuator have the samewidth and thickness, and form a
collocated sensor-actuator pair. With this assumption, the piezo-
electric beam element can be seen as a sandwich with the regular
beam element in the middle with a piezoelectric element bonded on
top of it (as actuator) and a piezoelectric element bonded underneath
it (as sensor). More details of this method can be found in [9,36].

Making the same assumptions as for the derivation of the regular
beam element, the piezoelectric beam element mass matrix can be
obtained as

�Mpe� � �A
Z
l

0

�N�T �N� dx (18)

where

�A� �bbbtb � 2�pbptp (19)

where l is the length of the piezoelectric element, bb is the height (or
width of the beam), bp is thewidth of the piezoelectric material, �b is
the density of the beam,�p is the density of the piezoelectricmaterial,
tb is the thickness of the beam, and tp is the thickness of the
piezoelectric patch. Upon inspection, it can be clearly seen that the
mass matrix of the piezoelectric element can be written as

�Mpe� � �Me� � 2�Me
p� (20)

which is the sum of themassmatrix of the regular element, �Me�, plus
the mass matrix for the piezoelectric elements on the top and bottom
of the beam, �Me

p�.
The piezoelectric beam element stiffnessmatrix can be obtained as

�Kpe� � EI
Z
l

0

�B�T �B� dx (21)

where EI � EbIb � 2EpIp, Eb is Young’s modulus for the beam, Ib
is the inertia of the beam,Ep is Young’smodulus for the piezoelectric
material, and Ip is the inertia of the piezoelectric element with respect
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to the neutral axis of the beam. From the parallel axis theorem,
Ip � 1

12
bpt

3
p � bptp��tp � tb�=2�2.

As for the mass matrix, �Kpe� can also be written as

�Kpe� � �Ke� � 2�Kep� (22)

provided that the inertia of the piezoelectric component is properly
defined.

1. Piezoelectric Sensor Equations

The equations for a piezoelectric sensor can be derived from the
direct piezoelectric equation under the assumption that there is no
external electric field applied to the sensor layer. Thus, the electric
displacement is directly proportional to the strain acting on it. For the
sensor, the poling will be done along the thickness direction with
electrodes on the upper and lower surfaces. Thus, the only nonzero
electric displacement component isDz, which is given by (assuming
no external electric field)

Dz � d31�1 (23)

From Hooke’s law in one dimension, it is known that the stress is
related to the strain through the modulus of elasticity, E, as

�1 � E�1 (24)

Therefore, the electric displacement becomes

Dz � d31Ep�1 (25)

where d31 is the relevant electric displacement coefficient. The total
charge developed by the strain in the structure will be

q�
ZZ
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which upon substitution for Dz becomes
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Z
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Since the strain in Euler–Bernoulli beam theory has only one
nonzero component of strain, which is along the x-axis, the strain
through the beam is given by (here, for simplicity in the derivation,
the coordinate corresponding to the rigid mode has been omitted
from q and only the flexible structure is considered)
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which upon substitution into the equation for charge [36] becomes
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and evaluating gives

q� d31Epbp
�
tb
2
� tp

�
� 0 �1 0 1 �q (30)

The capacitance of the piezoelectric sensor [37] can be shown as

C�
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which means that the voltage generated by the sensor is given as
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where Gs is the sensor signal conditioning gain. Letting
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the equation for the voltage developed can be simplified to

Vs�t� � pTq (34)

2. Piezoelectric Actuator Equations

For the piezoelectric actuator, the sensor voltage is typically
applied as a control signal to the actuator after being modified by a
control law, and thenmultiplied by another gainGa, which is usually
supplied by means of an amplifier. Therefore the actuator voltage is
given by

Va�t� �GaVin�t� (35)

The applied electric field in the actuator is due to the applied
voltage, therefore the electric field is given by

Ef �
Va�t�
tp

(36)

The strain created in the actuator by the applied electric field can
then be described as

�a � d31Ef (37)

and once again using Hooke’s law in one dimension gives the stress
as

�a �
Epd31Va�t�

tp
(38)

Because of the stress in the structure, bending moments will act in
an equal and opposite manner at the two nodal points. Since the
piezoelectric element will typically have a small cross section, it is
assumed that the moments exerted by the patch essentially act at the
nodal points [36]. The expression for the bending moment in the
small cross section is given by

Ma �
Z tb

2�tp

tb
2

�az dz (39)

which upon substitution for the stress gives

Ma �
Epd31Va�t�

tp

Z tb
2�tp

tb
2

z dz (40)

which upon evaluation of the integral gives

Ma � Epd31Va�t�
�
tp � tb

2

�
(41)

The control force, or force exerted by the actuators due to the
applied control voltage can be derived as (here again note that the
rigid coordinate has been omitted)

f p � Epd31bpVa�t�
�
tp � tb

2

�Z
l

0

�N0�T dx (42)

which after carrying through the integration and substituting in
Eq. (35) becomes

f p � Epd31bpGaVin�t�
�
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Letting

h �GaEpd31bp
�
tp � tb

2

� �1
0

1

0

2
664

3
775 (44)

the control force equation becomes

f p � hVin�t� (45)

B. Additional Piezoelectric Considerations

For completeness it should be noted that the vectors p and h will
have all of their elements shifted down one position tomake room for
a zero at the location of the first element corresponding to the fact that
their influence is not exerted at the location of the hub.

C. System Assembly, Reduction, and Modal Decoupling

The entire second-order differential equation can be assembled
using the standard finite element technique with Rayleigh damping
included as

�M� �q� �D� _q� �K�q� F (46)

where �M�, �D�, and �K� are the global mass, damping, and stiffness
matrices.

Modal decoupling can be performed to obtain the normal mode
system through similarity transformations [38] giving

�x� Z _x��x� STmF (47)

III. Control System Design

The slewing motion of the hub is controlled using a simple
proportional-derivative (PD) feedback law as

��t� � Kp��d � �� � Kd� _�d � _�� (48)

where � is the actual hub angle, �d is the desired angle,Kp andKd are
the proportional and derivative gains, respectively.

Of course for either disturbance rejection or step-following, the
slewing motion of the hub generates vibrations in the flexible
appendage which need to be controlled using other control laws. To
do this, the PD controller will be combined with input shaping.

A. Input Shaping

Basically, any type of input shaper can be combined with the
proposed multimode adaptive PPF control for vibration suppression.
Here, for simplicity, three simple shapers (ZV,ZVD, andZVDD)will
be used in the following simulations.

TheZV shaper is a two-impulse input shaper that can achieve zero-
vibration after the last (second) impulse. The amplitudes and time
instants of two impulses are as follows:

A1 �
1

1� K ; t1 � 0 A2 �
K

1� K ; t2 �
�

!d

whereK � exp�������=
�������������
1 � �2

p
��, � is the damping ratio, !d is the

damped natural frequency.
ZV shaper can be used to achieve zero-vibration if the natural

frequency and damping ratio are known exactly. However, the resid-
ual vibration will be big if the uncertainty in the natural frequency is
big. In other words, the ZV shaper is not robust.

The robustness of the input shaper to uncertainty in system’s
natural frequencies can be increased by setting the derivative to zero.
Setting the derivative to zero is the equivalent of producing small
changes in vibration with corresponding changes in the natural
frequency [39]. This yields a three-impulse ZVD shaper with
parameters

A1 �
1

1� 2K � K2
; t1 � 0

A2 �
2K

1� 2K � K2
; t2 �

�

!d

A3 �
K2

1� 2K � K2
; t3 � 2t2

The robustness of the input shaper can further be increased by
setting the second derivative to zero. Similarly, this yields a four-
impulse ZVDD shaper with parameters

A1 �
1

1� 3K � 3K2 � K3
; t1 � 0

A2 �
3K

1� 3K � 3K2 � K3
; t2 �

�

!d

A3 �
3K2

1� 3K � 3K2 � K3
; t3 � 2t2

A4 �
K3

1� 3K � 3K2 � K3
; t4 � 3t2

The sensitivity curves for these three input shapers are shown in
Fig. 3. It can be seen that, for the same residual vibration level, the
ZVDD shaper allows much more uncertainty in the frequency than
the ZV shaper.

B. Positive Position Feedback

Considering the scalar case first, PPF can be described by two
coupled differential equations where the first equation describes the
structure, and the second describes the compensator [8] as

��� 2�! _�� !2�� g!2	 �	� 2�f!f _	� !2
f	� !2

f� (49)

where � is themodal coordinate, 	 is the filter coordinate, � and �f are
the structural damping and filter damping ratios, ! and !f are the
structural natural frequency and filter frequency, and g is the scalar
gain. It is shown in [8] that the necessary and sufficient condition for
stability is

0< g < 1 (50)

The nextmajor advantage of the PPF is that the transfer function of
the controller rolls off quickly, as can be seen from its Bode plot in
Fig. 4. This is good because it makes the PPF controller well suited
for control of low-frequencymodes of a structurewithwell-separated
modes. This is also a major advantage due to the fact that the system
will not be influenced by unmodeled high frequency dynamics.
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Fig. 3 Sensitivity curves of various input shapers.
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There are three possible output conditions for a PPF controller
based upon the choice of controller frequency !c [10]: active
flexibility, active damping, or active stiffness. To effectively damp
out a structural mode, obviously the case of active damping is
required. Thus the controller frequency should be selected to be close
to the modal frequency.

In theory, a flexible manipulator has infinite vibrational modes,
and sometimes there is more than one dominant mode. To damp the
dominant modes, multiple PPF controllers are required in parallel,
where each controller is tuned to the natural frequency of the mode it
is to damp. In our system, the first two vibration modes are dominant
and need to be suppressed. This means that the frequency of 	1 is
chosen to be close to that of �1 while the frequency of 	2 is chosen to
be close to that of �2.

For the general multivariable case, the system of equations
becomes

���D _����� CTG� ���Df _���f���fC� (51)

whereG is the diagonal gain matrix, C is the participation matrix,�
and�f are the diagonal modal and filter frequency matrices, and D
and Df are the diagonal modal and filter damping matrices. In this
case, stability can be guaranteed [8] if and only if

� � CTGC > 0 (52)

where greater than zero means positive definite. Another important
property of PPF is that all spillover into uncontrolled or unmodeled
modes is stabilizing [8].

Considering for a moment, only the flexible modes of the
structure, a PPF controller is developed in this section for the beam
using a single collocated PZT sensor/actuator pair. The dynamic
equation of the structure in modal coordinates is

�x� Zs _x��sx� STmhu (53)

where x is the vector of modal coordinates, Zs is the damping matrix,
�s is the frequency matrix, STm is the matrix of mass normalized
eigenvectors of the system, h is the actuator influencematrix, and u is
the input to the actuator (voltage in this case). The sensor (or output)
equation can be seen as

y� pTSmx (54)

where p is the sensor influence matrix.
The equation describing the controller is given as

�	� Zf _	��f	��fEy (55)

where 	 is the vector of controller coordinates, Zf is the controller
damping matrix, �f is the controller frequency matrix, and E is the

modal participation factor matrix, which will be defined shortly. The
actuator input equation is given as

u� ETG	 (56)

where G is the gain matrix.
Since STm is the matrix of mass normalized eigenvectors, the modal

participation factor matrix can be defined as

E� STmMr (57)

whereM is the global mass matrix of the system, and r is a matrix of
ones with the same number of rows asM, and the number of columns
equal to the number of collocated sensor/actuator pairs.

The four equations, i.e. Eqs. (53–56), describing the system can be
combined into two second-order differential equations as

�x� Zs _x��sx� STmhETG	 (58)

�	� Zf _	��f	��fEp
TSmx (59)

Now the structure and controller equationswill be placed into state
space (or first-order form) for ease of analysis. The structural
equations become

_̂x� Ax̂� Bu (60)

y� Cx̂ (61)

where

A� 0 I
��s �Zs

� �
B� 0

STmh

� �
C� �pTSm 0 �

and the controller equations become

_̂	� Â 	̂�B̂y (62)

u� Ĉ 	̂ (63)

where

−50

−40

−30

−20

−10

0

10

M
ag

ni
tu

de
 (

dB
)

100 101 102
−180

−135

−90

−45

0

P
ha

se
 (

de
g)

Bode Diagram

Frequency  (rad/sec)

Fig. 4 Bode plot for a single mode PPF controller.

Table 1 System and simulation parameters

Parameter Value Description

Ih 10 kg �m2 Hub inertia
b 0.11715 m Hub radius
l 1.1365 m Length of the beam
t 0.00258 m Thickness of the beam
h 0.0828 m Height of the beam

 0.33 Poisson’s ratio of the beam
� 2700 kg=m3 Density of the beam
E 70 GPa Modulus of elasticity for the

beam
lp 0.05084 m Length of the piezoelectric
bp 0.03806 m Width of the piezoelectric
tp 0.00038 m Thickness of the piezoelectric

p 0.3 Poisson’s ratio of the

piezoelectric
�p 7700 kg=m3 Density of the piezoelectric
Ep 68 GPa Modulus of elasticity for the

piezoelectric
nElements 20 Number of elements used
mtip 0 Tip mass
Itip 0 Inertia of tip mass
Kp 55 Proportional gain
Kd 45 Derivative gain

�̂0
� 1 1 1 1 1 1 1 �T Initial parameter guess
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Â� 0 I
��f �Zf

� �
B̂� 0

�fE

� �
Ĉ� �ETG 0 �

C. Adaptive Parameter Estimation

Since the structural transfer function is single-input and single-
output, it can be put in transfer function form through

G�s� � Z�s�
R�s� � C�sI � A�B (64)

where

R�s� � sn � an�1sn�1 � � � � � a1s� a0 (65)

Z�s� � bmsm � � � � � b1s� b0 (66)

which allows the adaptive law to be developed generically.
The output of the system is of the following form:

y�G�s�u� Z�s�
R�s� u (67)

where u is the input of the plant, and the output can also be expressed
as [40]

y�n� � an�1y�n�1� � � � � � a1 _y� a0y� bmu�m� � � � � � b1 _u� b0u
(68)
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Fig. 5 Simulation results of PD control with multimode adaptive PPF.
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Lumping all of the unknown parameters into the vector

�� � bm � � � b0 an�1 � � � a0 �T (69)

and filtering both sides of Eq. (68) with the followingmonic Hurwitz
polynomial [40]

1

��s� �
1

sn � �n�1sn�1 � � � � � �1s� �0
(70)

the static parametric model can be obtained as [40]

z��T� (71)

where

z� sn

��s� y

�� sm

��s� u � � � 1
��s� u � sn�1

��s� y � � � � 1
��s� y

h i
T

The estimation model can now be defined as

ẑ� �̂
T
� (72)

where ẑ and �̂ is the estimate of z and� at each time t. The estimation
error can then be defined as

�� z� ẑ
m2
s

� z� �̂
T
�

m2
s

(73)

where m2
s is referred to as the normalizing signal and is designed

to bound � from above [40]. A typical choice for the normalizing
signal is

m2
s � 1� 
�T� (74)

where 
 > 0.

The cost function is a convex function of �̂with a globalminimum
and is given by

J��̂� � 1

2

Z
t

0

e���t���
�z��� � �̂

T�t������2
m2
s���

d�

� 1

2
e��t��̂ � �̂0�TQ0��̂ � �̂0� (75)

where Q0 �QT
0 > 0, � > 0 are design constants, and �̂0 � �̂�0� is

the initial parameter estimates of the unknowns.
This cost function serves to deweight previous data and includes a

penalty on the error in the initial guess. Following the derivation
presented by Ioannou and Fidan [40], the recursive least-squares
algorithm with forgetting factor is obtained as

_̂
�� P�� (76)

_P�
�
�P� P ��T

m2
s
P kPk 	 R0

0 otherwise
(77)

where P�0� � P0 �Q�10 . Here, R0 is a scalar that serves as an upper
bound for kPk, since in this case, with � > 0,P�t�may growwithout
bound.

D. Combining the System

Considering the full system, the state space model can be
transformed into transfer function form through the relation
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Fig. 6 Simulation results with multimode adaptive PPF and ZV input shaper (frequency uncertainty: �50%).
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H�s� � C�sI � A��1B�D (78)

Because of the fact that there are two outputs (hub angle and sensor
voltage) and two inputs (torque and actuator voltage) in the system,
H�s� becomes a 2 
 2 transfer function matrix, given for the open
loop by

��s�
Vs�s�

� �
� G11�s� G12�s�

G21�s� G22�s�

� �
�
Vc

� �
(79)

As a generic case, which can be extended or simplified with
relative ease, the system is chosen to consider the rigid mode and two
flexible modes with A, B, and C given as

A��

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 0

0 ��1 0 0 �z1 0

0 0 ��2 0 0 �z2

2
66666666664

3
77777777775
; B�

0 0

0 0

0 0

a b

c d

e f

2
66666666664

3
77777777775

C�
p q r 0 0 0

t u v 0 0 0

" #

In this case, the four transfer functions can be found through
Eq. (78) as

G11�s� �
m1s

4 �m2s
3 �m3s

2 �m4s�m5

s2�s2 � z1s��1��s2 � z2s��2�

G12�s� �
�qd� rf�s2 � �rfz1 � qdz2�s� �rf�1 � qd�2�

�s2 � z1s��1��s2 � z2s��2�

G21�s� �
�uc� ve�s2 � �vez1 � ucz2�s� �ve�1 � uc�2�

�s2 � z1s��1��s2 � z2s��2�

G22�s� �
�ud� vf�s2 � �vfz1 � udz2�s� �vf�1 � ud�2�

�s2 � z1s��1��s2 � z2s��2�

where m1 � �qc� re� pa�, m2 � �rez1 � qcz2 � paz1�
paz2�, m3 � �pa�2 � paz1z2 � re�1 � pa�1 � qc�2�, m4�
�paz1�2 � pa�1z2�, and m5 � pa�1�2. In the simplification of
the last three transfer functions the fact that b and t tend to zero have
been used to reduce the order of the individual transfer functions.
This simplification is made due to the fact that if b tends to zero, this
implies that control voltage on the piezos does not directly affect the
hub angle, and with t tending to zero implies that the hub angle does
not directly affect the sensor voltage produced.

For the control system, the step command is shaped by an input
shaper outside of the loop, with a PD controller inside the closed loop
for the rigid hub motion. The estimator is on at the beginning with
arbitrary initial guesses, and is set up to adapt on G21�s�, which is
between the sensor voltage and the torque. The estimator is modified
to turn off when the error

�� z� ẑ
m2
s

� z� �̂
T
�

m2
s

< 0:1 (80)
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Fig. 7 Simulation results with multimode adaptive PPF and ZV input shaper (frequency uncertainty: �10%).
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for longer than 1 s, and then to turn on the multimode adaptive PPF
controller. This is done since at this point, the parameter estimates
will have converged within a reasonable amount (as � represents the
difference between the actual transfer function and estimated transfer
function), and adaptation is no longer needed. The second reason this
is done, is that after a few seconds of running, the PPF controller may
start to eliminate the vibrations in the structure and the persistence of
excitation condition may no longer be valid, leading to possibly
erroneous estimates of the natural frequencies as control is applied.

IV. Simulation Results

The physical properties of the system and the simulation
parameters are listed in Table 1. Finite element analysis shows that
the actual frequencies of the first two vibrationmodes are 1.7141 and
10.4337 Hz, and they are assumed to be known with uncertainties. It
is desired to slew the rigid hub 0.5 radians which is done by a PD
control law. Saturation is included on the input and output of the PZT
sensor and actuator at�10 V to keep the system physically realistic.

In this study, three simulation scenarios are considered: 1) PD
control only; 2) PDcontrolwith adaptivePPF; and 3) PDcontrolwith
input shaping and adaptive PPF.

First, PD feedback is applied to control the hub angle, however,
neither input shaping nor multimode adaptive PPF is used. Since no
active vibration control is used, the vibration of the flexible beam is
big, as seen in Fig. 5.

To suppress flexible vibration, in the next simulation, the proposed
multimode adaptive PPF controller is employed to suppress the
vibration of the first two modes. PD feedback is used to control the
hub angle motion. The simulation results are shown in Fig. 5 for
comparison. It can be seen from the simulation results that the
flexible vibration has been suppressed to a very low level after 18 s

using the proposed adaptive PPF controller. Also, it shows that, at
about 10 s, the parameter estimator successfully estimated the first
two natural frequencies to be 1.7143 and 10.4327 Hz, respectively,
which are very close to the true values. Once the estimation is done,
the PPF controllers are turned on.

Finally, the input shaping and adaptive PPF are combined to
suppress vibration. Input shaping is designed to suppress the first
flexible vibration mode during slewing. Because of the frequency
uncertainty, however, there will be residual vibration, which will be
suppressed through the PZT actuator with multimode adaptive PPF.
Here, three input shapers are used in the simulations, the ZV shaper,
ZVD shaper, and ZVDD shaper. Moreover, two frequency
uncertainty levels (10 and 50% high) are considered for the first
vibration mode. For comparison purposes, PD control with input
shaping is also applied to slew the manipulator in order to suppress
thevibration. The simulation results have been included in thefigures
corresponding to which shaper the adaptive PPF is combined with.

Figures 6–11 show the hub angle response, torque control output,
PZT sensor output, and PZT actuator control input for those
simulations. Table 2 shows the estimated frequencies of the first two
vibration modes and the times for the estimation to be done. It can be
seen that 1) the frequencies of the first and second mode can be
estimated accurately for all the cases; and 2) the vibrations have been
suppressed very well and quickly by combining the input shaping
and the adaptive PPF strategy.

In Fig. 6, the results of applying the ZV shaper, and the ZV shaper
with the adaptive PPF canbe seen for the casewhen thefirstmode is off
by �50%. The advantages of using the combined control law
(PD� IS� APPF) can be seen as the ZV shaper alone will still have
residual vibration at the end of the simulation, while the combined law
has no residual vibration after roughly 12 s. When the frequency
uncertainty is only �10% as in Fig. 7, the control with only the ZV
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Fig. 8 Simulation results using multimode adaptive PPF and ZVD input shaper (frequency uncertainty: �50%).
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a) Hub angle response b) Torque control output

c) PZT sensor voltage d) Control voltage from PPF

Fig. 10 Simulation results using multimode adaptive PPF and ZVDD input shaper (frequency uncertainty: �50%).
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Fig. 9 Simulation results using multimode adaptive PPF and ZVD input shaper (frequency uncertainty: �10%).
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shaper will again still have residual vibration at the end of the simu-
lation (although at a much lower level than that of the previous case).
Here, the combined law has damped out the residual vibrations of the
manipulator in about 11 s.

In the next case, when the ZV shaper is replaced with a ZVD
shaper, it is expected that the residual vibration will be lower for both
cases. In Fig. 8 when the frequency error is �50%, it can again be
seen that there will be residual vibration for the ZVD shaper control
only at the end of the simulation, while again, with the combined law,
it is damped out within 12 s. In Fig. 9 when the frequency error is
�10%, the effect of the input shaper becomes much stronger, and
there is only a small amount of residual vibration. Here again,
however, in roughly 11 s, the combined law has suppressed the
vibrations of the manipulator.

For the last shaper considered, the ZVDD, it is again expected that
the amount of residual vibration will be smaller than that of the ZVD
and ZV shaper due to the fact that it is more robust. For a frequency
error of �50% in the shaper, it can be seen in Fig. 10 that with the
ZVDD shaper, there is still residual vibration again at the end of the
simulation, however, at a lower level than that of the ZVD shaper.
When the ZVDD shaper is combined with the adaptive PPF law, the
vibrations again have been removed in roughly 11 s. For the next
case, when the error is �10% (in Fig. 11), the residual vibration is

very, very small for the ZVDD shaper, and it could be argued that in
experiment, this would be very difficult to pick up out of noise. The
combined law again suppresses what little residual vibration there is
left in the system.

The simulation results indicate that the proposed adaptation law
works and can adapt to the actual parameter values. Moreover, the
results show that better vibration suppression performance can be
obtained by combining input shaping with the proposed multimode
adaptive PPF controller. When the design frequency of an input
shaper is close to the true value, the first vibration mode is more
effectively suppressed and the second mode is not as excited by the
slewing motion. As the initial value chosen for the first natural fre-
quency of the system becomes less accurate, the vibration suppres-
sion capability of the input shaper obviously decreases and more
vibrations are seen in the system, and here the multimode adaptive
PPFalgorithm shows its benefits. Also, as expected, as the robustness
of an input shaper increases, the amount of system vibration
decreases, even when the shapers are badly tuned.

V. Conclusions

In this paper, the dynamic modeling of a slewing flexible
manipulator was performed using the finite element method through
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Fig. 11 Simulation results with multimode adaptive PPF and ZVDD input shaper (frequency uncertainty: �10%).

Table 2 Estimation results of the first two frequencies, Hz

Estimated frequencies

Input shaper type Frequency uncertainty: �50% Frequency uncertainty: �10%
ZV 1.7141, 10.4323 (�5 s) 1.7141, 10.4308 (�6 s)
ZVD 1.7141, 10.4323 (�6 s) 1.7141, 10.4223 (�7 s)
ZVDD 1.7141, 10.4323 (�5 s) 1.7130, 10.4209 (�10 s)
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Euler–Bernoulli beam theory. Input shaping was used with a
proportional-derivative controller to slew the flexible beam in order
to minimize the induced vibration during the maneuver. The residual
vibration due to parameter uncertainty was suppressed by the PZT
actuator and the proposed multimode adaptive PPF. An adaptation
law based on the recursive least-squares method was developed to
update the system’s first two natural frequencies. These frequencies
were then used by the multimode PPF controller to suppress the
residual vibrations. Simulations were run through which the combi-
nation of input shaping with the multimode adaptive PPF control
clearly offers advantages in the vibration suppression over either of
these control methods alone, particularly for systems where there are
frequency uncertainties.
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